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Some new examples of quantum channels for which the infimum of the output entropy is additive 
under taking a tensor product of channels are given. 
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A linear trace-preserving map $ on the set of states 
(positive unit-trace operators) <j(li) in a Hilbert space 
H is said to be a quantum channel if <&* is completely 
positive (0). The channel <I> is called bistochastic if 
^{j^h) = 2^H- Here and in the following we denote 
by d and Ih the dimension of H, dimH — d < +oo, and 
the identity operator in respectively. Fix the basis 
\fj >= \ j >, < j < d - 1, of the Hilbert space H. We 
shall consider a special subclass of the bistochastic Weyl 
channels ( 0, S 11 S 113 ) defined by the formula (0) 
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^x) = (1 - (d - l)(r + dp))x + r W-^.oxW^* ,0 (1) 
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X e cr{H), where r,p > 0, {d — l)(r + dp) — 1 and the 
Weyl operators Wm.n are determined as follows 
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^ e^^'''"|fc -f TO mod d>< k\, 



k=0 



< m,n < d — 1. 

Consider the maximum commutative group Ud consist- 
ing of unitary operators 



d-l 



Bo >< e 



:/ 1> 



J=0 



where the orthonormal basis {ej) is defined by the for- 
mula 



d-l 



k=0 



e M, < j < rf - 1. Notice that 

< fk\e, >= ^e^'". < J, fc < d - 1, 
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It implies that 



(2) 



The bases (fj) and (e^) satisfying the property 10) are 
said to be mutually unbiased (P|). It is straightforward 
to check that 

W^O/nJej >< ej|Wo„ = l^j+n mod d >< Sj+n mod d|, (3) 

0<J><d-l. 

It was shown in 2] that the Weyl channels ^ are 
covariant with respect to the group Ud such that 

<l>{UxU*) = U<P{x)U*, X G a{H), U G Ud- 

The infimum of the output entropy of a quantum chan- 
nel <f> is defined by the formula 

X($)- inf Si^x)), 

xea(H) 

where S{x) = —Tr{xlog{x)) is the von Neumann entropy 
of the state x e <j{H). The additivity conjecture for the 
quantity x(<J>) states (0j) 

x($ - x($) + x(^') 

for an arbitrary quantum channel 

Example 1. Put r = p = , < q < I, then it can 
be shown (0,13)3) that (Q) is the quantum depolarizing 
channel, 



,{x) = (1 - q)x + -Ih: X e (y{H), 



(4) 



-^q) \og{l-'^—^q)-{d-l)'^\og'^. 



X(*dep) =-(!-■ 

□ 

Example 2. Put r = i(l 

q < then (0) is q-c-channel (@). Indeed, under 

the conditions given above the channel <& = $gc can be 
represented as follows 



%cix) = (1 
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q)E{x) + ^Y.^O,nE{x)Wo.n, 
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where 
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m— 



X G is a conditional expectation on the algebra 

generated by the projections \ej >< ej\, < j < d — 1. 
Taking into account (O we get 



^qc{x) = ^Tr(|ej >< ej\x)xj, x e cr(iJ), (5) 



where 



Xj = (1 - ^^-^9)|ei >< ej| 



fc=i 



|^'j+/c mod (i ^ ^ ^j+k mod d|; 



< j < rf - 1, 



x{%c) = -(1 - log(i - -^q) - (d- 1)^ log ^. 

□ 

In the present paper our goal is to prove the following 
theorem. We shall use the approach introduced in (1, 2]). 

Theorem. S'uppose that d is a prime number and p < 
r < ^(1 ~ d{d — l)p). Then, for the channel 0) there 
exist d orthonormal bases {h^j)'ljZ,ln 0<s<(i— 1, in H 
such that 

® ^){x)) > + ^ E E si^i^j))' 

s=0 j=0 

X G a{H (g) K), where = dTr/f >< h^j\x) G 
cr{K), < J < d — 1, and ^ is an arbitrary quantum 
channel in a Hilbert space K . 

The proof of the Theorem is based upon Theorem 2 
from (2(1 . We shall formulate it here for the convenience. 

Theorem 2 (0|).Let ^(p) = (1 - p)p + ^Ih, P e 

cr(-ff), < p < ^i^i , be the quantum depolarizing chan- 
nel in the Hilbert space H of the prime dimension d. 



Then, there exist d orthonormal bases {/*, < s, j < 
d — 1} in H such that 



® Id){x)) > -(1 - ^p) log(l - ^P)- (6) 



d-1 , p 1 
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d d2 

j=0 s=0 

where x G cr{H (g) K), = dTrH{{\e^j >< e*| (g) Ik)x) G 
<j{K), 0<j,s<d-l. 
Proof. 

It follows from the condition p < r < ^(1 — d(d — l)p) 
that there exists a number A, < A < 1, such that 
r = Ap + (1 - A)i(l - d(d - l)p). Hence the channel JTJ 
can be represented as a convex linear combination of the 
following form 

$ = A$dep + (1 - A)$,c, 

where the channels $dep and are defined by the for- 
mulae and ||SJ), respectively. 

Let us define the phase damping channel S by the for- 
mula (P,[2) 



, 1 + (d- 1)A 1 - A 

= d 



E W^m,oa;W„* ,o> a; G a(-ff). 

7n— 1 



Then, 



$ = S o $ 



dep- 



The non-decreasing property of the von Neumann en- 
tropy gives us the estimation 

(7) 

where i = (/d® Applying Theorem 2 to the right 

hand side of O we obtain the result. 

□ 
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